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ABSTRACT. For the partition function p(n), Ramanujan proved the striking identities

(¢°d°)°,

Ps(q) i=> pn+4)q" =5]]

P7(Q)¢=Zp7n+5 _7HW+49QH(?(;(J)°°7

n>0 n>1 ( ’ )oo n>1

where (¢; @)oo :=[],,51(1 — ¢"). As these identities imply his celebrated congruences modulo 5 and 7, it
is natural to seek, for primes ¢ > 5, closed form expressions of the power series

)= pln—6:)q" (mode),

n>0

where 6y := £2-1 *1 . In this paper, we prove that

Te(a)
(¢%9°)
where ¢, € Z is explicit and 7¢(q) is the generating function for the Hecke traces of ¢-ramified values
of special Dirichlet series for weight ¢ — 1 cusp forms on SL2(Z). This is a new proof of Ramanujan’s
congruences modulo 5, 7, and 11, as there are no nontrivial cusp forms of weight 4, 6, and 10.

Pe(q) = e (mod ¢),

1. INTRODUCTION AND STATEMENT OF RESULTS

A partition of n is any nonincreasing sequence of positive integers that sum to n. The number of
partitions of n is denoted p(n) (by convention, we let p(0) := 1 and p(n) := 0 for n < 0). Ramanujan
famously proved (see [2] [7]), for every non-negative integer n, that

p(bn+4) =0 (mod5),
p(Tn+5) =0 (mod7),
p(1ln+6) =0 (mod11).

For the congruences with modulus 5 and 7, he used the beautiful identities

Zp5n+4 —51_[ )5

n>0 n>1
) q q
p(Tn+5)¢" =7 + 49¢q
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where (¢;¢)oo = [[,,>1(1 — ¢"). In 1969, with the help of binary theta functions, Winquist [8] was able
to offer another identity that proved Ramanujan’s congruence with modulus 11.
In the spirit of these identities, for every prime ¢ > 5, we determine the g-series Py(q) € Fy[[q]]

=" pltn — 5)g" (mod ),

n>0

where 0y := Z2 1~ These expressions involve the generating functions of “weighted Hecke traces” of

special values of spemﬁc Dirichlet series associated to weight ¢ — 1 Hecke eigenforms on SLy(Z) (for
background see [3] or [6]). ‘
To define these Hecke traces, first suppose that (g := €*™* throughout)

2)i=q+ Y asp(n)g" € Sy,
n>2

is an even integer weight 2k Hecke eigenform on SLo(Z). For s € C with Re(s) > 2k, the twisted
quadratic Dirichlet series is defined by

D(f;s) =) ()afn(sn)

n>1

where (—) denotes the Kronecker symbol. Note that we set a¢(n) := 0 if n ¢ Z. Furthermore, if k > 2,
0<j<k—2, and m > 0, then we let

»J - : : -
9 O T
where T'(+) is the usual Gamma-function. Moreover the rising factorial is given by
()] = r(x+1)---(z+5—1) if j>1,
1 if j =0,

which are companions of the usual falling factorials

z(x—1)---(x—m+1) if m>1,
(X)m =<1 if m=0,
1 if m < —1.

Moreover we define, for n € N, the weight 2k Hecke trace by

D
Trow(n) = Y ap(n)
i ; 11

1Convergence can be concluded from Theorem 1.4 of [4].
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where the sum runs over the normalized Hecke eigenforms f € Sai, and the Petersson norms of f, || f||,
is defined as (z = x + iy throughout)

dxd
1]l = / ) .
SLo(Z)\H Y

As ag(n) is the eigenvalue of the Hecke operator T,, we refer to the numbers Tro(n) as Hecke traces.
Finally, for primes ¢ > 5, we collect the ¢-ramified values (i.e., the arguments that are multiples of ¢) if
2k = ¢ — 1 as the Fourier coefficients of the generating function
Te(g) ==Y Tre_1(fn)q™.
n>1

Theorem 1.1. If £ > 5 is a prime, then
Te(q)
Pulq) = cor—5—

@ (4% 4"
where cp 1= 2 'g(le)(HTl)!E—S (mod ¢), where throughout @ denotes the inverse of a (mod¥) and where
(3) denotes the Kronecker symbol.

(mod?),

For ¢ € {5,7,11}, we have that Sy_; = {0}. As there are no nontrivial cusp forms in these spaces, we
immediately obtain a new proof of Ramanujan’s famous partition congruences.

Corollary 1.2. For n € N, we have

p(bn+4) =0 (modb),

p(Tm+5)=0 (mod7),

p(11n+6) =0 (mod11).
Moreover Theorem [1.1| immediately implies the following congruence formula for p(¢n — dy) (mod ¢)
in terms of p(0),p(1),...,p(n —1).
Corollary 1.3. If ¢ > 5 is a prime and n € N, then we have
p(fn — &) = ¢y Z p(j) Tre—1(¢m) (mod?).

J:m=>0
Lj+m=n

Ezample. For the prime ¢ = 13, Theorem 1.4 and Corollary 1.3 of [4] gives
33108590592
Tis(q) = 601
where f|U;(2) := 3", 51 af(jn)q" for j € N. Using c13 = 6 (mod 13), we obtain
- Tis(q)  _ 3A|Uis(2)
(@%¢%) — (@"%4¢"7)
To illustrate Theorem we note that
Pis(q) = Y p(13n — 7)q" = 11g + 490¢> + 8349¢° + 89134¢" + 715220¢° + . ..
n>1
=11q+9¢> + 3¢ + 6¢* +12¢° +6¢° + ¢® + ... (mod 13).
Furthermore, Corollary implies, for n € N, that
p(13n—7)=3 > p(j)r(13m) (mod13).
j;m>0

13j+m=n
3

A|Urs(2) = TA|U13(2) (mod 13)

=11g 4 9¢*> + 3¢® + 6¢* + 12¢° + 6¢° + ¢® + ... (mod13).




To obtain Theorem (1.1} we make use of recent work of Gomez, the third author, Saad, and Singh [4]
that offers an infinite family of generalizations of Euler’s “Pentagonal Number” recurrence for p(n). In
Section 2 we recall these formulas, and in Section [3| we use them to obtain Theorem
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2. GENERALIZATIONS OF EULER'S “PENTAGONAL NUMBER” RECURRENCE

For n € N, Euler’s famous recurrence relation asserts that (see p. 12 of [1])

p(n)=pn—1)+pn—2)—pn—-5)—pn—-"7)+---= Z (=)™ p(n — w(m)), (2.1)
meZ\{0}
where w(m) = 3’”2% is the m-th pentagonal number. This recurrence is one of the most efficient

methods for computing partition numbers.

Gomez, the third author, Saad, and Singh [4] proved that Euler’s recurrence is the first case of an
infinite family of rich recurrence relations satisfied by the partition numbers. To make this precise, we
make use of Dedekind’s eta-function

1) = a2 [T (1= ") = 3o (1)rgur,
n>1 nez
where z € H, the upper half of the complex plane. To define these relations, we require the differential

operator D := 5554 = g L. For k € Ny, we deﬁn

2k — 1)(2k — 2)2 2s — 1 1
e 0 e () )

r,5>0
r4+s=k

Rk(z) =

By [4], we have

Ri(z) = ) (=1)"*g(n,m)p(n — w(m))q",

n>0
meZ
where
2k —1)(2k —2)2_, & e 2k —2r —1 e
= B ) L 1)% (24n — D).
gx(n m) 922 Tz_;( N R Te TS T (24n = (6m +1)°)

2To avoid confusing notation, we note that Ry (z) is denoted Py(z) in [A].
3We note a small typographical error in [4] (there the (—1)""* is (—1)").
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By Theorem 1.1 of [4], for each k > 0, Ry, is a weight 2k holomorphic modular form on SLg(Z). These
expressions are simple to compute for k < 13 apart from k = 12. Namely, Corollaries 1.2 and 1.3 of [4]
give the following identities in terms of the usual Eisenstein series

where B, denotes the r-th Bernoulli number, or(n) := 3_,,, d" the r-th divisor sum, and A(z) := 4 (2).

Theorem 2.1. The following are true:

(1) If k € {0,1}, then we have
1 ifk=o0,
Ry(2) = {

0 if k=1.
(2) If k € {2,3,4,5,7}, then we have
2k — 2
Ri(z) = < L9 >E2k(z)'
(3) If k € {6,8,9,10,11, 13}, then we have

Ry(z) = (2:__22> Eoi(2) + BrAax(2),

where
A(z) it k=6,
A(z)E4(z) if k=38,
A(z)Es(2) itk=09,
Aoi(z) :=q+ Tor(n)q" = )
nz>:2 A(2)E3(2) if £ =10,
A(2)E4(2)Eg(2) if k=11,
| A(2)Ef(2)Eg(2) it k =13,
where we let
_33102851)0592 if k=6,
71675924 :
18716 3569127 15232 if k=8,
_2868262%%8%661440 if k=09,
B =
_8294726117746641615158144 if k=10,
101475065073734516736 1
- 77683 if k=11,
_ 1195065734625676933319700244480 if k=13

Finally, for general k, Theorem 1.4 of [4] gives the following expressions that make use of the weighted
Hecke trace generating function

Tgk(z) = ZTI“Qk(TZ)qn € Sor.

n>1
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Theorem 2.2. Ifk > 6, with k # 7, then we have

Ri(z) = (i’“_‘f) Eog(2) + Ton(2).

These results are equivalent to the infinite family of recurrence relations given in the following
corollary.

Corollary 2.3. If n is a positive integer, then the following are true:
(1) We have that

pin)= Y (=)™ 'p(n—wim)).

meZ\{0}
(2) If k € {2,3,4,5,7}, then we have
1 4k 2k — 2
= - -~ —_1)ymt! _
s = o g (2 om0 1™ m) ot~ o)

meZ\ {0}
(3) If k € {6,8,9,10,11, 13}, then we have

1 Ak (2% —2 .
PO = ) (B 2 )P0 sl + 3 U m st =)
(4) If k > 6, with k # 7, then we have
B 1 4k (2k —2 m+1
) = i | =g (23 Jomna o+ Tt + 3 Ut

3. PROOF OF THEOREM [L.1]

The proof of Theorem requires the following elementary proposition regarding the congruence
properties of certain examples of Corollary (4). Namely, we obtain a pentagonal number recurrence
modulo ¢ for the Hecke traces with argument ¢n, where the pentagonal numbers w(m) are restricted to
a fixed congruence class modulo ¢.

Proposition 3.1. If £ > 5 is prime and n s a positive integer, then

Try_ 1 (bn) = —-3-2 <H21> 12 Z (=1)"p (bn — w(m)) (mod?).
GmE—W{e(Zmodﬁ)

Proof. By Corollary (4), we have, for k > 2, that

1 Ak (2k —2 .
p(n) = 91 (1,0) \ B ( k—2 >02k1(n) + Trox(n) + meZZ\{O} (=)™ gk (n,m) p (n — w(m))

By letting k = 8—717 the von Stadt—Clausen Theorem (for example, see [5, Theorem 3, pg. 233]) implies
that the denominator of the Bernoulli number By_; is divisible by ¢, which in turn implies that the
divisor function contribution above vanishing modulo /. By then letting n — fn, we obtain

! <Tr41 (fn) + Z (=1)™+t e (bn,m) p (¢n — w(m))) (mod?).  (3.1)

pn) = ———=
ge51 (€n,0) mez\{0}
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By direct calculation, we have

(6—2)(t—3)7%: 5 1
- s — £—1 {—2—2r =—-r
_ 2 1\ = T 22r - 2 2
geza (n,m) = = r:o( D Tz O (24en (6m +1) )
-1
16 e 2r + 2 32 -1 r + 1
= — = 1)
g7 (= 3z (6m+ 1) 2@l —1-2r1 ~ 2 (£ =3z (6m + Z 1)
-6
or(Gm+ 1)t =32 MFT0 ), (3.2)
0 m=-6,
where
2771
32 2 E -1 T + 1
= — (0 —3)i=: —_—. .
00 = 97 ( 3)‘*2T:0< o )(5—1)! (3:3)
To compute gy, we note that for M > 1, we have
M
2M 2M—2 2MN\ _ om—1
Z<2r> =2 M and Z( )—2 .
=0
Therefore, by setting M = % we have
2771
(-1 (-1
> ( )(r+ )= —=203 422 =3.2% (modY).
— 2r 2
Combining this with (3.3]), we obtain
6(0— 3)%%3
=— 2 d?).
0=~ (mod {)
After application of Wilson’s Theorem we see that
00 =—6({—3)%s (mod).
2
Finally, we note that
-3
—1) = (&)
(0—3)y = Y 22( 7) (mod £)
2
Thus
-3 2
~1) = (&) ~(l+1
00 = —6 (W) =-3.2 < ; ) (mod ¢) . (3.4)
Therefore, we have by (3.1)) and ({3.2))
oep (fn) = Trp_1 (bn) + o4 Z (=)™ (6m + 1) p (bn — w(m))
mez\{0}
= Try_1 (n) + op Z (=)™ p (bn — w(m)) (mod?). (3.5)
mez\{0}

6mZ—1 (mod¥)
7



Now, substituting n +— ¢n in (2.1)) and multiplying by o, on both sides gives
oep (In) = gy Z (1) p (bn — w(m)) ¢" (mod¥).
mezZ\{0}
By subtracting (3.5 from this on both sides, we obtain

= —Try_1 (¢n) + o Z (=)™ p(In — w(m)) (mod?).

meZ
6m=—1 (mod¥)

Solving for Tr,_; (¢n) and substituting (3.4) gives the claim. O
We are now ready to prove Theorem

Proof of Theorem [1.1. Proposition [3.1]is equivalent to the generating function congruence

~(l+1
To=-32 (5T X 0 - wsm) e (modo),
n>0 meZ
w(m)=6; (mod¥)

where we note that 6m = —1 (mod/) is equivalent to w(m) = d, (mod¥). By taking a convolution
product, we see that

Yoo D> )™t —w(m)¢" =Pe(q)8e(q) (mod?),

n>0 meZ
w(m)=6; (mod¥)

for some ¢-series
Oulg) 1= D (~1) g,
SEL

We now turn to the explicit calculation of 6y(q), which then completes the proof. To this end, we
observe that the n-th Fourier coefficient of Py (q) 0¢(q) is

S (1) (e — w(m)) = ST (15O (tn — (buwe(s) + 67)) (mod £).
w(m)z@f%modé) ser

To identify wy(s), we solve fwy(s) + 6y = w(m) for m = —6 (mod ¢). Now, define ay by 6y = fmy — 1
with my; = 1 chosen so that ay, = % € Z. Then by setting m = s + ay in the formula for w(m)
and simplifying, we see that

30s® + 6oys + s 304% +ap 30s? + tmys

w(ls + o) = ¢ 5 +—— =t . + 5.
Thus
2
3710 41 =1 (mod6),
3052 4 Imys 2
O
3052 —
% if (=5 (mod6).

Likewise, by comparing (—1)¥() = (=1)™*! if m = £s 4+ a, with the same choice of ay, we can set
ye(s) = s + ay + 1. We therefore obtain after some calculation that for £ =1 (mod6), we have, using
8



(3.1,
s -1 3s2+s £—-1 s 3s2+s £+5
ila) = 3 ()T P = ()T Y (1) = () (o)

SEZL SEZ
Likewise for £ =5 (mod 6) we have, using (3.1]),

s 4+1 3525 4+1 3s2—s £—1
Oula) = 3 (- T = ()T Y () T = (<) (d5d)
s€L SEZ >
Now note that
_<—1>_ (=1)s if{=1 (mod6),
1)s iff=5 (mod6).

o =— (j) -3-2 (“21) 12=2. 3(?) (“21)!“’ (mod ¢),

which completes the proof. (|

We conclude
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